Abstract. We further discuss the relation between the elliptic genus of K3 surface and the Mathieu group M 24 . We find that some of the twisted elliptic genera for K3 surface, defined for conjugacy classes of the Mathieu group M 24 , can be represented in a very simple manner in terms of the η product of the corresponding conjugacy classes. It is shown that our formula is a consequence of the identity between the Borcherds product and additive lift of some Siegel modular forms.
Introduction
Studies of the K3 surface based on the representation theory of superconformal algebras (SCA) was initiated some time ago [19] . Therein, the elliptic genus of K3 surface was decomposed into a sum of characters of N = 4 SCA. Recently, an intriguing property of this decomposition was discovered [18] ; multiplicities of the non-BPS representations are given by the sum of dimensions of irreducible representations of the Mathieu group M 24 . This observation is a variant of the famous Monstrous moonshine [8] where the Fourier coefficients of the modular J-function is expressed as the sum of dimensions of representations of the Monster group. In our case of "Mathieu moonshine", multiplicities of non-BPS representations are Fourier coefficients of a certain mock theta function [14, 15] .
The Mathieu group M 24 has 26 conjugacy classes. To each conjugacy class we can introduce a twisted version of the elliptic genus of K3 surface which is an analogue of McKay-Thompson series in the Monstrous moonshine. One can determine uniquely the decomposition of the multiplicities of non-BPS representations once one has a complete list of twisted genera for all conjugacy classes.
Recently a completed list of twisted genera became available [5, 23] , [24, 17] and by making use them the decomposition has been carried out up to a very high level ≈1000. This result produces a very strong support for the Mathieu moonshine conjecture.
In the study of the Mathieu group M 24 , the η-products associated with various cycle shapes play an important role [13, 31, 33] . Purpose of this paper is to present simple relationships between the twisted elliptic genera of K3 and the η-products for various conjugacy classes of M 24 . Our result follows from the identity of Siegel modular forms of degree-2 which are expressed both as an infinite sum (additive lift) and as an infinite product (Borcherds lift) simultaneously. Table 1 . Representatives of conjugacy classes g.
The Siegel modular form is physically interpreted as the partition function of 1 4 BPS states in the CHL model [4, 12] of a heterotic string theory compactified on K3 × S 2 . The twisted elliptic genera of K3 for conjugacy classes 2A, 3A, 5A, 7A are closely related to the Z N orbifold partition function of CHL models [9, 25, 29, 10] . This paper is organized as follows: in section 2 we recall the twisted elliptic genera. By use of the Hecke operator, we express the twisted elliptic genus in terms of the η-product for a number of conjugacy classes. We show that this identity can be derived by using the Borcherds product in section 3. The last section is devoted to concluding remarks. Notations on modular forms are summarized in the Appendix.
Twisted Elliptic Genus and Cycle Shape

Character Decomposition
The elliptic genus of K3 surface is known to be a Jacobi form with weight 0 and index 1, and it is decomposed as
where ch
,ℓ (z; τ ), (ℓ = 0, 1/2), ch
(z; τ ) are characters of BPS and non-BPS representations of N = 4 SCA in R sector (with (−1) F insertion). ℓ denotes the iso-spin. See
Appendix for their explicit forms. A(n) is the multiplicity of the non-BPS representation with h = n + 1/4, and is given as follows; Numbers A(n) are the expansion coefficients of a certain mock theta function with a shadow η(τ ) 3 [14] . Observation in [18] is that A(n) is decomposed into a sum of dimensions of the irreducible representations R of M 24 , 2) and that the multiplicities mult R (n) are conjectured to be positive integers. By introducing a vector space
we can write A(n) as
Twisted Elliptic Genus of K3
Corresponding to each conjugacy class g of the Mathieu group M 24 we can define a variant of A(n) by
Here χ g R = Tr R g denotes the character of M 24 for the representation R and conjugacy class g. We define the twisted elliptic genus Z g (z; τ ) for a class g by the decomposition Z g (z; τ ) = (χ g − 4) ch R h= 1 4 ,ℓ=0 (z; τ ) − 2 ch R h= 1 4 ,ℓ=
Here χ g ∈ Z is the Witten index of twisted genus, i.e. Z g (z = 0; τ ).
We have used
This decomposition reduces to (2.1) when g = 1A.
We classify conjugacy classes into type I and type II; conjugacy classes of type I contain a cycle of length = 1, i.e. a fixed point under permutation of 24 elements and thus they arise from those of M 23 . See Table 1 . On the other hand conjugacy classes of type II are those which are intrinsically M 24 . These two types of conjugacy classes have a qualitatively different behavior. It should be noted that, in our following studies on twisted elliptic genera, there is no difference between conjugacy classes with the same cycle shape such as 7A and 7B, and we use a notation 7AB for such a pair of conjugacy classes.
The twisted elliptic genera were first obtained for (mainly) type I classes [5, 23] Hereafter we mainly work with the conjugacy classes g of type I which possess nonvanishing indices χ g = 0.
Twisted Elliptic Genus from the η-Products of Cycle Shape
Given a conjugacy class g of M 24 and its cycle shape 1 r 1 2 r 2 3 r 3 · · · , the corresponding η-product η g (τ ) is defined by
For instance,
It is well-known that the type I classes of M 24 have a balanced shape r i = r N/i where N is the order of the element g. As observed in Refs. [13, 31, 33] , these η-products are cusp forms, η g (τ ) ∈ S k (Γ 0 (N), χ), i.e., weight k cusp form on Γ 0 (N) with character χ, and they are the Hecke eigenforms. See Table 3 for data of k, N, and χ. For our later convention, we define a Jacobi form
which belongs to J k−2,1 (Γ 0 (N), χ),i.e., weight (k −2) Jacobi form on Γ 0 (N) with index=1 and character χ. See Appendix A for a fundamental property of Jacobi form and the definition of φ −2,1 (z; τ ).
In order to relate the η-product to the twisted elliptic genus, we introduce the Hecke operator. On the Jacobi form φ ∈ J k,m (Γ 0 (N), χ), the Hecke operator T n acts as [22] (T n φ) (z; τ ) = n
The character satisfies χ(a) = 0 unless (a, N) = 1, so we may omit a condition in the summation. We note that T n φ belongs to Table 2 . Twisted elliptic genus Z g (z; τ ).
We find that the twisted elliptic genus Z g (z; τ ) for type I conjugacy class has a simple expression in terms of the η-product. Derivation is given in the next section.
For g = 1A, 2A, 3A, 5A, 7AB, 4B, 6A, and 8A, we have
We need a correction term for the remaining type I cases. The ϕ-functions (2.10) for g = 11A, 14AB, and 15AB, are weight 0 modular forms, and we find Table 3 . η-product for conjugacy class g. η g is a weight k modular form on Γ 0 (N) with character χ. χ is written only if non-trivial.
14)
For g = 23AB case, the twisted genus can not be expressed only in terms of the function ϕ 23AB , and we have
See Appendix for new forms of Γ 0 (23), f 23,1 (τ ) and f 23,2 (τ ).
Borcherds Products
Hilbert Scheme of Points on K3
We first recall the elliptic genus of the Hilbert scheme of points on the K3 surface [12, 11] . We consider a "second-quantized" version of K3 elliptic surface
where p = e 2πiσ , and Ω = (
K3 denote the elliptic genus of the m-th symmetric product of K3.
As was pointed out in [11] , a generating function M(Ω) has an infinite product representation
where c(n, ℓ) is the Fourier coefficients of the K3 elliptic genus
This construction is based on the fact that T m Z K3 is a weak Jacobi form with weight 0 and index m. Recalling generators of the Siegel upper half plane given in Appendix A.4, we need to symmetrize the infinite product (3.2) in τ and σ to generate a Siegel modular form. After symmetrization and demanding a good modular behavior we obtain
Here a condition (n, ℓ, m) > 0 means n ≥ 0, m ≥ 0, and ℓ ∈ Z, when m + n > 0, ℓ < 0, when m, n = 0.
The Siegel modular form Φ(Ω) is the Igusa cusp form with weight 10, and equals M(Ω)
up to an extra factor 5) which is called the Hodge anomaly [27, 26] .
It is well-known that besides being an infinite product, the Igusa cusp form Φ(Ω) can also be expressed as an infinite sum or Saito-Kurokawa-Maass additive lift, from a weak Jacobi form with weight 10, i.e. η(τ )
The identity between the infinite product and infinite sum follows from the Koecher principle that Siegel modular form with weight 0 is a constant. This relation is interpreted as the analogue of the Weyl denominator formula for generalized Kac-Moody algebra [2, 27, 28] .
Our formula of the elliptic genus (2.12) in the case g = 1A
simply follows from (3.1), (3.5) and (3.6).
The inverse of the Borcherds product is a partition function of 1 4 BPS states, and at a pole z = 0 its residue factorizes into a pair of 1 2 BPS partition functions [12] 
It is to be noted that the Hodge anomaly (3.5) is related to the coefficients of BPS characters in the character decomposition of the elliptic genus for K3
[m] ,
where γ m,s is the number of the BPS characters of isospin
representation in the elliptic genus of K3
[m] [14, 16] . See also [30] .
Borcherds Product for Twisted Elliptic Genus
In order to construct an infinite product representation and derive (2.12) for general conjugacy classes, we have to introduce another Hecke operator acting on Jacobi forms of the congruence subgroup Γ 0 (N). We set the Hecke operator V n on φ ∈ J k,m (Γ 0 (N)) defined as [1, 6] We have (V n φ) (z; τ ) ∈ J k,mn (Γ 0 (N)). The representatives of cosets are given by cusps of Γ 0 (ord(g)) as [1] 
where Cusp(Γ 0 (N)) denotes the set of cusps of Γ 0 (N), and M f /e = ( f * e * ) ∈ SL(2; Z) with a positive divisor e of N. h e is the width of cusp f /e, h e = N (e 2 , N) .
When N is prime, the Hecke subgroup Γ 0 (N) has two cusps, τ = i∞ and 0. The width is 1 and N, respectively.
By use of Z g (z; τ ) ∈ J 0,1 (Γ 0 (ord(g))), we introduce an analogue of (3.2)
In order to rewrite this into an infinite product form, we introduce the Fourier expansion of Z g (z; τ ) at each cusp f /e of Γ 0 (ord(g)),
(For the definition of slash operator, see Appendix A). Note that the Fourier expansion at a cusp is a power series in q 1 he .
It is well-known that c g,f /e (n, ℓ) depends only on 4n − ℓ 2 [22] and we may write c g,f /e (n, ℓ) = c g,f /e (4 n − ℓ 2 ). (3.12)
We have
where we have used
As a result, we obtain [1, 6]
. (3.14)
For the contribution of the cusp at i∞ we set c g,i∞ (n, ℓ) = c g (n, ℓ) which is the Fourier expansion coefficients of the elliptic genus Z g and N e = h e = 1.
It should be noted that only the Fourier coefficients at integral powers in (3.11) contribute to the infinite product (3.14). In Table 4 we have tabulated values of the Fourier coefficients c g,f /e (m) for integers m ≤ 32.
By inspection we notice an interesting relation
h e c g,f /e (n) = c 1A (n) (3.15) for all g ∈ type I. Namely, sum of the expansion coefficients for each cusp weighted by the width reproduces the original Fourier coefficients of K3 elliptic genus. 
Making use of these relations and (3.15) one can derive a different expression for M g (Ω) for all g ∈ type I
which is used in some literature (see, e.g., [25, 5, 6] ).
Using the Table 4 we note that the η product for all type I class g can be uniformly written as
Here we see how the cycle decomposition of an element g corresponds to the decomposition into cusps of Γ 0 (ord(g)). Length of each cycle equals N e and its power is given by he Ne c g,f /e (0) + 2c g,f /e (−1) .
As before, by symmetrizing p and q in (3.14) we set [6] Φ g (Ω) = p 
0 (ord(g)) [1, 6] . Comparing with (3.14), we find the Hodge anomaly
Furthermore as shown in [6] , the Borcherds product can be written as an additive lift of the η-product (3.19) for g = 1A, 2A, 3A, 5A, 7AB, 4B, 6A, and 8A. Our formula (2.12) follows from (3.10), (3.18) , and (3.19).
In the case of remaining conjugacy classes, the weight of Jacobi form ϕ g becomes zero or negative and the situation is somewhat complex. For g = 11A, we conjecture the following relation for the Borcherds product (3.17)
Similar relations are conjectured for 14AB and 15AB,
We do not have an analogous expression for 23AB.
We note that exactly the same exponent as (3.16) appears in the RHS of (3.17). Then again the inverse of Φ g (Ω) factorizes at its pole into η products, and we obtain
for all g ∈ type I. Table 4 . The Fourier coefficient c g,f /e (4n−ℓ 2 ) = c g,f /e (n, ℓ) of the twisted elliptic genus at cusp f /e of Γ 0 (ord(g)).
Concluding Remarks
In this paper we tried to obtain a simple and direct relationship between η-products of various conjugacy classes of M 24 and the corresponding twisted elliptic genus of K3 surface. It seems that the simplest way to derive such a relation is to use the identity of Siegel modular forms which may be constructed either from Borcherds products or Saito-Kurokawa additive lifts of Jacobi forms.
Relationship (2.12) seems to exhibit some deep relation between M 24 and K3 surface. RHS is based purely on M 24 and has nothing to do with K3. It, however, coincides with LHS which is the twisted genus of K3.
We have so far discussed (2.12) and its variation only in the case of type I classes. If one tries to find a similar relation for type II classes, one obtains
which has the same form as the type I classes.
Unfortunately, in the case of other type II classes we obtain expressions which do not seem to clarify the relationship between M 24 and K3 surface
As a whole, type I classes are reasonably under good control while we still know very little about type II classes. Twisted genera of type II classes have vanishing Witten index and appear to have a little contact with the classical geometry of K3 surface. On the other hand its character expansion is described in terms of modular forms and should be easier to handle than the type I classes. We hope to report progress on these issue in the near future.
A. Modular Form
We collect facts about modular forms. See, e.g., [3, 22] , for details.
A.1 Jacobi Theta Functions and Dedekind η-function
The Jacobi theta functions are defined by
The Dedekind η-function is
We set the Eisenstein series by
We introduce new forms of level-23
where the Θ-functions are
A.2 Modular Form
We set the slash operator
for γ = ( a b c d ) ∈ Γ 0 (N), and χ is a Dirichlet character modulo N.
A.3 Jacobi Form
We define the slash operator (φ| k,m γ) (z; τ ) = (det γ) where R means the Ramond sector of the theory. They are explicitly given as follows [20, 21] ;
• BPS (massless) representations (h = 
